Since the non-abelian groups in which every subgroup is invariant have been determined we shall restrict ourselves here to a consideration of those groups which involve some non-invariant subgroup of prime order but in which every subgroup of composite order is invariant. If the order of such a group G is of the form ptm, p being a prime number, it contains an invariant subgroup of order p and the corresponding quotient group is abelian. Hence the commutator subgroup of G is of order p and this is the only invariant subgroup of order p contained in G since otherwise G would contain a non-invariant subgroup of order p2 generated by a non-invariant subgroup of order p and an invariant subgroup of this order which is not the commutator subgroup. This proves the following theorem: If a non-abelian group of order pm, p being a prime number, contains no non-invariant subgroup of order p2 then it contains only one invariant subgroup of order p.
Every operator of order p2 contained in G generates the commutator subgroup of order p since the subgroup of order p generated by such an operator is invariant under G. While G cannot contain any invariant operator of order p besides those in its commutator subgroup it may contain invariant operators of an arbitrary higher order. To construct a group containing such operators we may extend the non-abelian group of order p3 which involves no operator of order p2 when p is odd by a cyclic group of an arbitrary prime power order which involves the commutator subgroup of G and whose operators are commutative with every operator of the given group of order p3. To construct an infinite system of groups in which no operators of the highest order are invariant we may start with the group of order p2 and of type 12. This group may be extended by a cyclic group of arbitrary order which transforms this subgroup of order p2 according to an operator of order p. The group thus obtained contains the direct product of a cyclic group of order pm -2 and a group of order p as a subgroup of index p and each of its remaining operators is of order pm -1 except when p = 2 and m = 3. In this special case it is the octic group.
When p is odd the operators of order p contained in G cannot generate a group whose order is as large as p4 since otherwise G would contain a noninvariant subgroup of order p2. Hence the operators of order p in such a G generate a subgroup whose order is either p2 or p3. In both cases the operators of order pa, a > 0, generate a subgroup of index p under the group generated by the operators of order pa + 1 if G contains operators of order pa + 1. Hence the quotient group of G with respect to the subgroup generated by its operators of order p is cyclic in case G is not generated by its operators of order p. When the operators of order p contained in G generate a group of order p3 this group is non-abelian since every subgroup of order p2 contained in G is invariant. Hence it results that when the operators of order p contained in G generate a group of order p3 then G involves invariant operators of highest order whenever m > 3 but when these operators generate a group of order p2 no one of the operators of highest order contained in G is invariant under G.
It results from the preceding paragraph that when the operators of order p contained in G generate a subgroup of order p2 then G is the wellknown non-abelian group of order pm which contains operators of order pm-1, p being an odd prime number. The central of this group is cyclic and composed of the operators of G which are pth powers of other operators. When the operators of order p contained in G generate a group of order p3 then G involves a cyclic subgroup of order pm -2 which constitutes its central. The direct product of this subgroup and a subgroup of order p is extended by an operator of order p which is non-commutative with some operators of order p contained therein to obtain G. Hence there results the following theorem: When p is an odd prime there are two and only twb groups of order pm, m > 2, which have the property that every subgroup of composite order is invariant but that some subgroups of prime order are non-invariant.
In the special case when p = 2 the commutator subgroup of G is still of order 2 and G involves one and only one invariant subgroup of order p but the operators of order p contained in G do not necessarily generate, in this case, a subgroup which involves no operator of order p2. The fact that the group generated by these operators may be of order 32 is illustrated by the group obtained by extending the group of order 16 which involves 12 operators of order 4 having a common square by an operator of order 2 which transforms each of the operators of a quaternion subgroup into itself. To prove that the group generated by these operators could not be of order 64 it is only necessary to note that if it were of this order it would involve a non-invariant operator of order 2 which would be commutative with every operator of a subgroup of order 32 containing 28 operators of order 4 having a common square. Since this is impossible it has been proved that if every subgroup of composite order in a group of order 2m is invariant but some of the subgroups of order 2 are non-invariant then the subgroups of order 2 cannot generate a group whose order is as large as 64.
From the preceding paragraph it results that the operators of order 2 contained in a non-abelian group of order 2" whose subgroups of composite order are separately invariant generate a group whose order is included in the following list: 4, 8, 16, 32. If such a group is of order 4 it is the non-cyclic group of this order. To prove that its order could not be 8 if the order of G exceeds this number it may first be noted that it could not then be the octic group since one of the remaining operators of order 4 and an operator of this order in the octic group would have a product of order 2. It could not be the abelian group of type 13 since every subgroup of order 4 contained in G is invariant under G. It could not be the group of order 16 which contains 12 operators having a common square, when the order of G exceeds 16, since the product of one of the operators of order 4 contained in this group and one of the remaining operators of order 4 would be of order 2. For the same reason it could not be the group of order 32 when its order exceeds this number.
If the group generated by the operators of order 2 in G is the four group, G involves a cyclic subgroup of index 2 since the quotient group with respect to the commutator subgroup is then of type 1, m -2. The central of this group is cyclic and of order 2m -2 and there is one and only one such group of order 2m whenever m > 3. When the group generated by its operators of order 2 is obtained by extending the octic group by an operator of order 4 which is commutative with each of its operators and has its square in this octic group then there is again one and only one such G of order 2m, m > 3. This is obtained, when m > 4, by extending successively the given group of order 16 by an operator of order 8, an operator of order 16, etc., which is commutative with each of its operators. Hence there results the following theorem: There are two and only two groups of order 2m, m > 5, which have the property that every subgroup of order 4 contained therein is invariant but some subgroups of order 2 are noninvariant.
No one of these groups is generated by its operators of order 2. The octic group is the only group of order 8 which is generated by its operators of order 2 and has the property that each of its subgroups of order 4 is invariant but that it contains non-invariant subgroups of order 2. There are two such groups of order 16. One of these is characterized by the fact that it contains twelve operators of order 4 which have a common square while the other belongs to one of the systems noted in the theorem at the end of the preceding paragraph. It was noted above that there is a group of order 32 which is generated by its operators of order 2 and has the property that each of its subgroups of composite order is invariant but that it contains non-variant operators of order 2 and that it is not a subgroup of a larger group having these properties. In particular, the direct product of this group and a group of order 2 does not have these properties. In fact, if a group is the direct product of a non-abelian group whose subgroups of composite orders are invariant and a group of type ln it cannot have the property that each of its subgroups of composite order is invariant.
If the order of G is not a power of a prime number each of its Sylow subgroups whose order exceeds a prime number is invariant under G and hence G involves invariantly the direct product of all its Sylow subgroups of composite orders. The quotient group of G with respect to this direct product has an order which is the product of distinct prime numbers. In particular, it results that whenever every subgroup of composite order contained in a group is invariant then the group is solvable.
If the given quotient group involves a non-invariant operator of prime order which is not equal to the smallest prime number which divides the order of this quotient group then this operator is non-commutative with an operator of smallest order in this quotient group and this pair of orders is the only pair of prime divisors of the order of this quotient group such that these divisors are the orders of two non-commutative operators of this quotient group. This fact results directly from the condition that every subgroup of composite order contained in G is invariant under G. Hence it results that when this quotient group is non-cyclic it is the direct product of a cyclic group and a group whose order is the product of two prime numbers, one of which is the smallest prime number which divides the order of this quotient group. As in other papers' we define a semi-group as a discrete set of elements closed under an associative operation and for which the usual equality axioms hold.
ON THE CONCEPT OF CO-SETS IN
If C is an element of a semi-group S such that from any relation of the type CA = CB, with A and B in S we may infer A = B then C is said to be a left cancellable element in S, and if the order is reversed, a right cancellable element in S. Elements in S not having one of these properties are called left or right non-cancellable elements, respectively.
We define a left-identity in S as an element El in S such that E,M = M for any M in S with an analogous definition of right-identity. If an element is both a right and left identity we call it an identity element. If an identity of S exists, it is unique. An element 0, such that MO, = 0, for each M in S will be called a right annulator in S and if the
